In the paper, the authors establish an inequality involving exponential functions and sums, introduce a ratio of many gamma functions, discuss properties, including monotonicity, logarithmic convexity, (logarithmically) complete monotonicity, and the Bernstein function property, of the newly introduced ratio, and construct two inequalities of multinomial coefficients and multivariate beta functions.
Preliminaries
A nonnegative function f (x) defined on a finite or infinity interval I is called a Bernstein function if its derivative f ′ (x) is completely monotonic on I. In the paper [2] and the monograph [35, Comments 5.29] , it is pointed out that the terminology "logarithmically completely monotonic function" was explicitly defined in [20, 21] for the first time. The logarithmically complete monotonicity is weaker than the Stieltjes function, but stronger than the complete monotonicity [2, 10, 25] . For more information on this topic, please refer to [19, 35, 37] and closely related references therein.
Recall from [36, p. 51, (3.9) ] that the classical Euler gamma function Γ(z) can be defined by Γ(z) = lim n→∞ n!n z (z) n+1 ,
where z = 0, −1, −2, . . . and (z) n = n−1 ℓ=0 (z + ℓ) = z(z + 1) · · · (z + n − 1), n ≥ 1 1, n = 0 for z ∈ C and n ∈ {0} ∪ N is called the rising factorial. The logarithmic derivative ψ(x) = [ln Γ(z)] ′ = Γ ′ (z) Γ(z) of the gamma function Γ(z) and ψ (k) for k ∈ N are usually called in sequence the digamma function, the trigamma function, the tetragamma function, and the like.
With the help of the gamma function Γ(z), the binomial coefficient m n = m! n!(m−n)! can be generalized as the multinomial coefficient
and the classical beta function B(a, b) = Γ(a)Γ(b) Γ(a+b) can be generalized as the multivariate beta function B(a 1 , a 2 , . . . , a m ) = Γ(a 1 )Γ(a 2 ) · · · Γ(a m ) Γ(a 1 + a 2 + · · · + a m ) ,
where ℜ(a 1 ), ℜ(a 2 ), . . . , ℜ(a m ) ≥ 0. See [1, Section 24.1.2] and [9, Section II.2].
Motivation
Motivated by the papers [15, 28] and related texts in the survey article [19] , by establishing the inequality [14] that the ratio
is logarithmically completely monotonic function on (0, ∞), where m, n ∈ N and 0
We observe that (1) the proof of the inequality (2.1) is lengthy and complicated;
(2) the inequality (2.1) can be refined and extended;
(3) the proof of logarithmically complete monotonicity of the ratio g(t) in (2.2) is fatally wrong. In this paper, we will (1) refine and extend the inequality (2.1) and supply a concise proof of the refinement and extension; (2) motivated by g(t) in (2.2), formulate a new ratio and prove its peroperties;
(3) construct inequalities of multinomial coefficients and multivariate beta functions.
A new inequality
Now we present a new inequality which refines and extends the inequality (2.1). Theorem 3.1. Let x > 0 and µ i,j > 0 for 1 ≤ i ≤ m and 1 ≤ j ≤ n. Then Let h(x) = 1 e x −1 for x > 0. Then the inequality (3.1) can be rearranged as
Consequently, combining these with lim x→0 + h 1 x = 0 reveals that the function h 1
x is convex, then star-shaped, and then super-additive on (0, ∞). As a result, it follows that
Substituting these two inequalities into the left hand side of (3.2) results in
The proof of the inequality (3.1), and then the proof of Theorem 3.1, is thus complete.
A new ratio and its properties
In this section, we formulate a new ratio of many gamma functions and find its properties.
be a matrix such that λ ij > 0 for 1 ≤ i ≤ m and 1 ≤ j ≤ n.
Let α = (α 1 , α 2 , . . . , α m ) and β = (β 1 , β 2 , . . . , β n ) such that
Then the following conclusions are valid:
(1) when ρ ≤ 2, the second derivative [ln f m,n;λ,α,β;ρ (t)] ′′ is a completely monotonic function of t ∈ (0, ∞) and maps from (0, ∞) onto the open interval
(3) when ρ < 2, the logarithmic derivative [ln f m,n;λ,α,β;p (t)] ′ is increasing, concave, and
where γ = 0.57721566 . . . is the Euler-Mascheroni constant; (4) when ρ = 2, the function f m,n;λ,α,β;2 (t) is increasing, logarithmically convex, and from (0, ∞) onto the open interval (1, ∞); (5) when ρ < 2, the function f m,n;λ,α,β;ρ (t) has a unique minimum, is logarithmically convex, and satisfies
Proof. Taking logarithm and differentiating give 
By virtue of Lemma 3.1, when ρ ≤ 2, we conclude that the second derivative [ln f m,n;λ,α,β;ρ (t)] ′′ is completely monotonic with respect to t ∈ (0, ∞).
Since the second derivative [ln f m,n;λ,α,β;ρ (t)] ′′ is completely monotonic with respect to t ∈ (0, ∞), the logarithmic derivative [ln f m,n;λ,α,β;ρ (t)] ′ is increasing and concave on (0, ∞). Hence, (2) when ρ < 2, the logarithmic derivative [ln f m,n;λ,α,β;p (t)] ′ is increasing, does not keep the same sign, and maps from (0, ∞) onto
In conclusion, the logarithmic derivative [ln f m,n;λ,α,β;2 (t)] ′ is a Bernstein function and the function f m,n;λ,α,β;ρ (t) for ρ < 2 has a minimum on (0, ∞).
It is easy to see that lim t→0 + f m,n;λ,α,β;ρ (t) = 1.
In [36, p. 62, (3.20) ], it was given that
Then a direct computation acquires lim t→∞ ln f m,n;λ,α,β;
where, when ρ = 2, we used the fact that The proof of Theorem 4.1 is complete.
Two inequalities
In this section, as did in [28, Sections 3 and 4] , by applying the fourth conclusion in Theorem 4.1, we derive two inequalities of multinomial coefficients a1+a2+···+am a1,a2,...,am and of multivariate beta functions B(a 1 , a 2 , . . . , a m ).
When ρ = 2, the function f m,n;λ,α,β;ρ (t) defined by (4.1) can be rearranged as f m,n;λ,α,β;
For a i > 0 and i ∈ N, multinomial coefficients and multivariate beta functions are connected by a 2 , . . . , a m ) .
Therefore, we have f m,n;λ,α,β; 
Three open problems
Finally, we pose three open problems.
6.1.
First open problem. The logarithmically complete monotonicity is stronger than the complete monotonicity [2, 10, 25] . This means that a logarithmically completely monotonic function must be completely monotonic. Completely monotonic functions on the infinite interval In order to solve the above two open problems, we suggest readers to refer to the papers [2, 3, 4, 5, 6, 7, 8, 16, 17, 18, 22, 23, 24, 26, 27, 29, 30, 31, 32, 33, 34] and closely related references therein.
6.3.
Third open problem. Is the inequality (3.1) in Theorem 3.1 sharp? Equivalently speaking, can the number 2 in the right hand side of (3.1) be replaced by a larger constant?
